A new strategy in deriving the Lense-Thirring effect, in the weak field and slow motion approximation of general relativity, on the orbital elements of a test body in the field of different central rotating sources exhibiting axial symmetry is presented. The approach adopted in the present work, in the case of a perfectly spherical source, leads for all the Keplerian orbital elements of the freely falling particle to the well known Lense-Thirring equations. The case of a central nonspherical body is also worked out.
1 Introduction.
The structure of the spacetime around a rotating massive body presents the typical feature, according to general relativity, of exerting a non central force on a test particle 1 due to the total angular momentum of the central object, contrary to Newtonian mechanics in which the gravitational effects of a body are caused only by its mass, regardless to its rotational motion. Because of the formal analogies with the electrodynamics, this effect, deduced from the equations of Einstein for the first time by Lense and Thirring in 1918 [1] , is also defined as gravitomagnetism [2] .
In this work it is presented an alternative strategy in order to derive it which reveals itself useful especially in the prediction of the behaviour of all the Keplerian orbital elements of the test body in the gravitational field of different kinds of rotating sources. Indeed, the calculations involve not only the secular effects for a perfectly spherical source, but also for a central body with departures from sphericity. They are based on the use of the Lagrangian planetary equations [3, 4, 5] and a noncentral hamiltonian term whose existence, if from one hand can be rigorously deduced, from the other hand can be intuitively guessed by analogy from the corresponding term in electrodynamics for a charged particle acted upon by electric and magnetic fields.
The gravitomagnetic potential
In general, it can be proved [6] that the general relativistic equations of motion of a test particle of mass m freely falling in a stationary gravitational field, in the weak field and slow motion approximation, are given by:
If a perfectly spherically symmetric rotating body is assumed as gravitational source, in eq.
(1) G = −GMr/r 3 is the Newtonian gravitational field of a spherical body, with M its mass and G the Newtonian gravitational constant, while H is given by:
in which:
The field H of eq. (2) is defined as the gravitomagnetic field, while h ≡ (h 01 , h 02 , h 03 ), named gravitomagnetic potential, is due to the off-diagonal components of the spacetime metric tensor:
where η µν is the Minkowski metric tensor. In obtaining eq.(3) a non rotating reference frame K{x, y, z} with the z axis directed along the intrinsic angular momentum of the central spinning body J and the {x, y} plane coinciding with its equatorial plane has been used. The origin is located at the center of mass of the central body. The gravitomagnetic potential generates a non central gravitational contribute due uniquely to the angular momentum of the gravitational source that the Newtonian mechanics does not predict, though the conditions of validity of the eq.(1) are the same for which the former holds. So it is possible to speak of mass-energy currents whose motion exerts a non central gravitational force on a test massive body analogous to the Lorentz force felt by a charged particle when it is moving in a magnetic field. Indeed, its equations of motions:
are formally analogous to the eq.(1). The eq.(5) can be derived by means of the Lagrangian
where v is the velocity of the particle and V is its scalar potential.
Since one of the most promising way to detect the gravitomagnetic precession consists in employing artificial Earth satellites, it would be helpful to derive the rate equations for the change in the parameters that characterize their orbits. To this aim one could introduce "by hand" a perturbative term k (v · h) in the gravitational Lagrangian of 2 Incidentally, it may be interesting to note that eq.(1) are consistent with the fundamental Einstein assumption [7] that a non accelerated reference frame with a gravitational field is equivalent, within certain limits, to an accelerated one without any gravitational field. Indeed, if a reference frame solidal with the rotating body is assumed, the equations of motion for a test particle are formally identical to the eq. where Ω is the angular velocity vector of the rotating body [6, 8] .
the particle and use it in some particular perturbative scheme; the constant k would be determined by means of dimensional considerations and taking in account that it should be built up of universal constants. In fact it is possible to show that a non central term analogous to q/c(v · A) can be rigorously deduced in the Lagrangian of a test body in the gravitational field of a spinning mass-energy distribution, and that it can be exploited in deriving straightforwardly the effect of the gravitomagnetic potential on the Keplerian orbital elements of the test body.
3 The rate equations for the Keplerian orbital elements
The relativistic Lagrangian for a free particle in a gravitational field is
in which the derivatives are taken with respect to the proper time of the particle. The eq. (7) can be cast into the form:
In eq.(8) the term L (1) is to be intended as containing the contributions of the off-diagonal terms of the metric:
In this case, recalling that the slow motion approximation is used, the eq. (9) becomes:
For different derivations of L gm see also [6, 4, 9] . In this paper it is proposed to adopt L gm in order to deriving the Lense-Thirring effect on the orbital elements of a particle in the field of a rotating gravitational source.
To this aim it must be assumed that under the gravitomagnetic force the departures of the test body' s trajectory from the unperturbed Keplerian ellipse are very small in time. This allows to introduce the concept of osculating ellipse. It means that, at a given instant of time, the particle may be assumed to lie on the Keplerian ellipse determined by the position and velocity at that instant thought as initial conditions for an unperturbed motion; at the next instant of time the particle will be at a point of another Keplerian ellipse, slightly different with respect to the previous one and determined by the real position and velocity of the test body at the new instant of time thought as new initial conditions for an unperturbed Keplerian orbit. In other words, the real trajectory of the test body at every instant may be approximated by an osculating Keplerian ellipse. So the perturbed motion can be described in terms of unperturbed Keplerian elements varying in time. Consider the frame K{x, y, z} previously defined and a frame K ′ {x ′ , y ′ , z ′ } with the z ′ axis directed along the orbital angular momentum l of the test body, the plane {x ′ , y ′ } coinciding with the orbital plane of the test particle and the x ′ axis directed toward the pericenter. K{x, y, z} and K ′ {x ′ , y ′ , z ′ } have the same origin located in the center of mass of the central body. The Keplerian orbital elements are [3] :
The semimajor axis and the ellipticity which define the shape and the size of the orbit in its plane.
• Ω, i
The longitude of the ascending node and the inclination which fix the orientation of the orbit in the space, i.e. of K ′ {x ′ , y ′ , z ′ } with respect to K{x, y, z}. The longitude of the ascending node Ω is the angle in the equatorial plane of K{x, y, z} between the x axis and the line of nodes in which the orbital plane intersects the equatorial plane. The inclination i is the angle between z and z ′ axis.
• ω, M
The argument of pericenter and the mean anomaly. The argument of pericenter ω is the angle in the orbital plane between the line of nodes and the x ′ axis; it defines the orientation of the orbit in its plane. The mean anomaly M specifies the motion of the test particle on its orbit. It is related to the mean motion n = (GM) 1/2 a −3/2 , where M is the mass of the gravitating central source, through M = n(t − t p ) in which t p is the time of pericenter passage. It is customary to define also the longitude of pericenter
the argument of latitude
where f is the angle, called true anomaly, which in the orbital plane determines the position of the test particle with respect to the pericenter, and the mean longitude at the
The matrix R xx ′ for the change of coordinates from
cos Ω cos ω − sin Ω cos i sin ω − cos Ω sin ω − sin Ω cos i cos ω sin Ω sin i
Using eq.(11) and x ′ = r cos f , y ′ = r sin f , z ′ = 0 it is possible to express the geocentric rectangular Cartesian coordinates of the orbiter in terms of its Keplerian elements:
Redefining suitably the origin of the angle Ω so that cos Ω = 1, sin Ω = 0, the previous equations become:
Considering for the test particle the total mechanical energy with the sign reversed, according to [5] , F ≡ −E tot = −(T + U), where T and U are the kinetic and potential energies per unit mass, it is possible to work out the analytical expressions for the rate of changes of a, e, i, Ω, ω, M due to any non central gravitational contribution. To this aim it is useful isolating in U the central part −C of the gravitational field from the terms −R which may cause the Keplerian orbital elements to change in time: U = −C − R. For a spherically symmetric body, F becomes:
Concerning the perturbative scheme to be employed, the well known Lagrange planetary equations are adopted. At first order, they are:
The idea of this work consists in using L gm to obtain a suitable non central term R gm to be employed in these equations. This can be done considering the Hamiltonian for the test particle:
Inserting in eq.(21) the eq.(8) one has:
with H gm = −mc h · v. So it can be posed:
Now it is useful to express eq.(23) in terms of the Keplerian elements. Referring to eq.(3), eq. (13), and recalling that in the frame K{x, y, z} J = (0, 0, J) and that for an unperturbed Keplerian motion:
it is possible to obtain, for a perfectly spherical central body:
In eq.(25) du/dτ ≃ df /dτ is assumed due to the the fact that the osculating element ω may be retained almost constant on the temporal scale of variation of the true anomaly of the test body.
Secular gravitomagnetic effects on the Keplerian orbital elements: spherical central source
The secular effects can be worked out by adopting the same strategy followed in [5] for a similar kind of perturbing functions. When eq.(25) is mediated over one orbital period of the test body, a, e, i, Ω and ω are to be considered constant:
The relation du = dω + df = df has been used in eq.(26). The eq.(26) can now be used in determining the secular changes of the Keplerian orbital elements of the test body. From it one gets:
A particular care is needed for the treatment of n when the derivative of R with respect to a is taken; indeed, it must be posed as:
In eq.(32)
and
From eq. (15) 
They are the well known Lense-Thirring equations [1, 2] . In deriving them it has been assumed that the spatial average over f yields the same results for the temporal average [10, 11, 12] .
Secular gravitomagnetic effects on the Keplerian orbital elements: nonspherical central source
In this Section we shall deal with a non spherical central rotating source endowed with axial symmetry around the rotation axis.
In classical electrodynamics the potential vector for a generic steady current distribution can be written as:
The quantity ρ is the charge density which, in general, depends on r, but, in this case, not on time. If we assume that the current distribution rotates uniformly around an axis, chosen as z axis, then, being for any current element v = αẑ × r, with α angular velocity of the current disribution, eq.(41) becomes:
For an axisymmetric, stationary current distribution, it can be shown [13] that the lines of the potential vector are circles around the z axis, and its modulus is a cylindrical symmetric function of ξ and z, where:
ξ ≥ 0, 0 ≤ φ < 2π, define the cylindrical coordinates. So, eq.(42) reduces to:
The function H(ξ, z) remains unchanged under rotations around the z axis. Passing from cylindrical to rectangular Cartesian coordinates, the components of the potential vector become:
Recalling that, in the linear approximation, the general relativistic gravitomagnetic po- 
Obviously, eqs. (48)- (50) can be rigorously obtained solving the linearized Einstein field equation, written in the Lorenz gauge, for a localized (g µν → η µν at spatial infinity), axisymmetric, stationary mass distribution in the weak field and slow motion approximation:
The quantites T 0k are the {0k} components of the stress-energy tensor for the matter; in deriving eq.(52) the internal stresses have been neglected. Eq. (52) is valid inside the matter, while eq.(51) holds in the free space outside the central body and tells us that H(ξ, z)y and H(ξ, z)x are harmonic functions. This feature was used by Teyssandier in obtaining a multipolar expansion of H(ξ, z) [14] . Introducing in the frame K the usual spherical coordinates {r, θ, φ}, if r e is the radius of the smallest sphere centered on the origin of the coordinates containing the whole body (in practice, it should be the equatorial radius, R ⊕ in the case of the Earth), in the region r ≥ r 1 > r e H(r, θ) is given by:
with:
In eqs. (53)- (55) I is the moment of inertia of the body about the z axis, M is the total mass of the central body, ρ is its density, P ′ l+1 (cos θ) is the first derivative of the Legendre polynomial of degree l + 1 and J l is the Newtonian multipole moment of degree l, given by:
It is interesting to note that, if in eq.(53) only the spherical symmetric term:
is retained, as it would be the case for a perfectly spherical central body, eqs.(48)-(50) reduce to:
For a spherical rotating body J = Iα, and so eqs. (58)- (60) can be cast into the familiar form:
The correction of order l to the gravitomagnetic potential due to the nonsphericity of the central rotating body is given by:
Modeling the central body as a spheroid stratified into ellipsoidal shells, in [14] is shown that all the relativistic coefficients K l are null, except K 2 ; if we consider our planet, from the analysis of Teyssandier of various models of Earth's interior, it results to be positive and of O(10 −3 ).
The starting point in deriving the relativistic multipole corrections of degree l to eqs. (35)- (40) is the perturbative lagrangian term:
where m is the mass of the point particle and v is its velocity. In the case l = 2, in eqs. (62)- (64) the first derivative of the Legendre polynomial of degree 3 appear;
Inserting eq.(67) in eqs.(62)-(64) leads to:
Such a perturbative term must be expressed in term of the Keplerian orbital elements in order to be employed in the first order Lagrange planetary equations. In this case R is R (2) = ch (2) · v. Using eq. (12) and recalling that z = r cos θ it is possible to obtain:
cos θ = sin u sin i.
Neglecting terms of order O(e n ), n ≥ 2, we can write:
having assumed:
Eqs.(69)-(71) in eq.(68) give:
If we want to investigate the secular trends of the orbital elements, we must average eq.(73) over an orbital period of the test body, as done in the previous Section. It is straightforward to obtain:
(1 + 3e cos f )(15sin u 2 sin i 2 − 3)u = n 2 (9 − 15cos i 2 ).
In deriving eq. (74) we have adopted the reasonable assumption that the pericenter of the test body remains almost unchanged during an orbital revolution, i. e. du = dω +df ≃ df . So we have:
e K 2 a 3 (1 − e 2 ) 3 (9 cos i − 15cos i 3 ).
By inserting eq.(75) in eqs. (15)- (20) it can be obtained:
dΩ ( 
Eqs.(76)-(81) yield the corrections to the precessional rate Lense-Thirring equations when the central rotating body is not perfectly spherical.
Conclusions
In the weak field and slow motion approximation of general relativity we have developed an alternative approach to the calculation of the Lense-Thirring effect on the Keplerian orbital elements of a test particle freely falling in the field of different kinds of axially symmetric central sources. Such strategy stresses the formal analogy with the electromagnetism recalling the lagrangian of a charged particle acted upon by the Lorentz force and create a link to space geodesy by exploiting the widely used Lagrangian planetary equations. For a perfectly spherical source the well known Lense-Thirring precessional rates for the node and the perigee are obtained. If departures from sphericity of the gravitational source are accounted for, it has been found that only the node and the perigee are affected by them through additional secular rates.
